Abstract-In a scattering environment the propagation paths to a receiving antenna will arrive from a certain angular spread of directions. For a low-resolution antenna, an apparent direction of arrival will be defined as the azimuth direction of maximum power. In this paper a small array will be used as the antenna and the spatial derivative of the phase along the array axis is taken as a measure of the sine of the apparent angle of arrival. The sine of the angle is shown to be Student's t-distributed and from this result the pdf and power spectrum of the angle-of-arrival is determined. The distributions are compared with experimental results for indoor as well as for outdoor measurements.
I. INTRODUCTION
A DAPTIVE or smart antennas play an increasing role in modern wireless systems, either as a means for interference suppression, gain enhancements, or increased spectral efficiency. Thus, it is important to have a good understanding of the propagation phenomena and the antenna issues. In most situations, a certain angular spread occurs when a base station antenna receives the signal from a mobile user, where this spreading is due to the multipath in the environment. The spread is important for diversity schemes and also for the determination of the angle-of-arrival. It is an accepted model now that an angular spread occurs from a cluster of scatterers, where the total signal may come from several clusters. In order to understand the basic mechanism a statistical approach is necessary. The purpose of this paper is to find a theoretical distribution in the limit where the antenna is not able to resolve the details of the distribution.
Several experimental results are available to which we can compare our theory. In the indoor case, Spencer et al. [1] have characterized the indoor wideband channel and extended the Saleh-Valenzuela [2] model to the angular domain through experimental results obtained by rotation of a narrow beam horn in the environment. They model the histogram of ray arrivals relative to the cluster mean as a Laplacian (a double exponential) distribution. In the outdoor case, Pedersen et al. [3] measured the angular response using an array and after suitable processing were able to find the statistics of the distribution, where the pdf of arriving angles was modeled by a Gaussian distribu- tion and the angular power spectrum by a Laplacian. Also in the outdoor case there were cases of double distributions (two clusters) where the distributions inside each cluster were similar. Recently, Astély and Ottersten [4] have applied the MUSIC algorithm to find the statistics of the angle-of-arrival under the assumption that the angular spread is small and we shall see later that their result is a limiting case of the theory in this paper. One may speculate whether the various distributions have their origin in true distributions of angles, or whether they are simply the results of a phase mixing of unresolved components, much the same way as random-FM distributions of the apparent Doppler shift are different from the true Doppler distributions in a mobile channel. The latter is the viewpoint in this paper as it is in [4] and we shall show that rather simple distributions result independent of the original distribution of scatterers as long as they are unresolvable (the angular extent smaller than the beamwidth of the antenna).
Consider the situation in Fig. 1 , where a large number of rays emanating from a finite region in space are impinging on the antenna, which has a beamwidth larger than the extent of the region. Thus when the antenna is mechanically rotated or electronically scanned the details are not resolved, but the received total signal will be a weighted sum of all the incident rays. The sum will be dependent on the direction of scan and it will vary randomly due to the random amplitudes and phases of the incident rays. For one given position of the transmitter there will be one apparent direction of arrival, but when the transmitter is moving to a new position (or the receiver has moved to a new position) the phases of the incident rays will have changed and a new apparent direction of arrival is the result. The movement may be very small, a fraction of a wavelength, so the overall true distribution of incident power may be unchanged.
0018-926X/02$17.00 © 2002 IEEE II. THEORY Assume that a single plane wave is incident on the array from the direction measured from broadside. Along the array the field will vary like (1) and the phase in (1) varies linearly with and proportionally to , where is distance along the array axis and is the free space wavenumber. The derivative of the phase is (2) For a small array, the variation of the phase will be close to linear, thus, knowing the statistics of the phase gradient is the same as knowing the distribution of from which we can derive the statistics of . The following derivation follows closely that of [5] .
For a narrowband case the transmission from the mobile to the array equals (3) where . is the complex scattering strength in direction . When the mobile is moving around in the environment, will be Rayleigh fading, and will be described by a stochastic process. The situation is completely equivalent to the Doppler spread and random FM occurring at the mobile. From (2) it is seen that the phase gradient is proportional to and the phase gradient has a known distribution [5] , a Student's t-distribution, which accordingly is also the distribution of (4) where , are the first and second moments of the average power distribution measured in -space and (5) so is our measure of angular spread. Here, is the true distribution of power as a function of and is the total power.
Note that there is a small finite probability that the phase gradient is so large that it corresponds to arrival from outside the visible region, . The probability density function (pdf) follows from (4) as (6) A standard transformation of variables from to yields the pdf for (7) The small-angle result in [4] agrees with (7) when is replaced by .
III. CONDITIONAL PROBABILITIES
It may also be of interest to find the conditional probabilities of power and angle, which are easy to find once the basic probabilities are known. It follows directly from [5] that the probability of conditioned on the power is Gaussian and is given by (8) Integrating (8) over the exponential distribution of power leads directly to (6) . It follows from (8) that (9) from which we find the mean of the power conditioned on , also called the power spectrum where are random complex numbers with normally distributed real and imaginary parts and are 4 . In the simulations , , and 10 000 realizations are performed.
is varied to simulate various sizes of arrays: , 10, and 16. In order to find the direction of arrival for each realization, a scanning is performed pointing the array in a range of directions, noting the direction of maximum power and the value of the power. The direction of arrival is defined as the one containing maximum power. A histogram is found of the occurrence of the angles as a function of angle. Fig. 2 shows the result for , 10, 16 and the theoretical result according to (7) (the smooth curve). The results are only shown for the range 10 , but as indicated in the previous sections, there is a considerable part outside this range in theory and for . The agreement with the theory is excellent for , since the beamwidth of the antenna is much larger than the source distribution. Another way of expressing this is via the coherence length along the array. The coherence length is defined as the inverse of the angular spread (13) and in the given case, equals 2.3. For , the array length is 0.5, much less than the coherence length, while for and 16, the opposite is true with many fades along the array corresponding to several directions incident. is an intermediate case with an almost uniform distribution of angles between 7 and for the environment is almost fully resolvable with distinct peaks near 4 . It is interesting to note that in all cases there are angles of arrival outside the true range, although it is only for the small array that the range is large. For the two larger arrays there seems to be an upper and lower bound on the angle of arrival. 
V. COMPARISON WITH EXPERIMENTAL RESULTS
In [1] , Spencer et al. have published a number of indoor measurements for two different buildings (first published in [6] , [7] ). The scanning was done mechanically with a 6 horn at 7 GHz over a 360 range. The pdf is shown for the forward range of 180 in Fig. 3(a) and (b) for the Clyde and Crabtree building, respectively. Only the forward range is shown since the backside is supposed to be reflections from a back wall. The smooth curve is the theoretical result according to (7) with a best visual fit. The angular spreads are 24.8 and 17.5 , respectively. The agreement is reasonable although there are two reasons for deviations. One is the mechanical scanning, which does not lead to the null at 90 inherent in the array case, the other is the fact that the antenna beamwidth is less than the angular spread, so we should expect the distribution to be dependent on the true distribution to some extent. The double exponential (Laplacian) chosen in [1] is also an excellent fit to the data, but it lacks a theoretical explanation.
In [3] , Pedersen et al. have published a number of outdoor measurement results, collected in a macrocellular typical urban environment. These measurements were conducted at 1.8 GHz using an eight element uniform linear antenna array at the base station with half a wavelength element spacing. The array was elevated 12 m above rooftop level of surrounding buildings. The directional properties of the channel were resolved by post processing of measurement data, i.e., electronic beam steering. The empirical pdf of is extracted from the data by mapping the phase derivative between adjacent array elements. Fig. 4(a) illustrates the empirical pdf obtained in a non line-of-sight situation. For comparison, the pdf expressed in (6) is also plotted for to show the good match between the measured and theoretical results. Note that the pdf is plotted on a logarithmic scale in order to show that the tails of the theoretical pdf also match the measurements.
The power azimuth spectrum has been estimated from the outdoor measurement data, by using the SAGE algorithm [8] , which is a high resolution scheme for estimation of estimation of the waves impinging at the antenna array. The empirical power azimuth spectrum is plotted in Fig. 4(b) and compared to the spectrum derived in (10). The agreement is seen to be excellent.
VI. DISCUSSION
The theoretical distributions for the angle of arrival from a cluster of scatterers have been derived in the limit where the antenna has a beamwidth much wider than the distribution of scatterers. It turns out that the distribution depends only on the angular spread, not on the details of the distribution. The apparent direction of arrival may lie outside the true range of arrivals, even outside the visible part of the spectrum. The reason for this may be understood from an extreme case with a fading null between two array elements, where the phase will differ by 180 at the two elements, quite different from the normal 0 phase shift expected from a broadside direction. Simulations with an array show excellent agreement when the array is small, while the results start to differ when the array is larger than the correlation length along the array. In the latter case, the distribution depends on the actual distribution of angular power. The conclusion is that averaging is important for direction of arrival, a single burst may lead to very erroneous results.
The comparison with experimental results shows good agreement both with indoor and outdoor measurements indicating that the mechanism of fluctuating directions of arrival is one of usual phase mixing and not a specific propagation phenomenon. The usually accepted Laplacian distribution does not have a theoretical foundation, although in practice it fits well.
